Abstract. Using the semicontinuity of the Milnor number, the Kouchnirenko's theorem [4] on the Newton number and the geometric characterization of µ-constancy in [3, 6, 10], we give a new proof of Yau's characterization of isolated homogeneous hypersurface singularities.
Introduction
Let f : (C n , 0) → (C, 0) be the germ of a holomorphic function with an isolated singularity. The Milnor number of a germ f , denoted by µ(f ), is algebraically defined as the dim O n /J(f ), where O n is the ring of complex analytic function germs : (C n , 0) → (C, 0) and J(f ) is the Jacobian ideal in O n generated by the partial derivatives { ∂ f ∂ z 1 , · · · , ∂ f ∂ zn }, and the Tjurina number τ of the singularity (V, 0) are defined by dim O n /T r(f ), where T r(f ) = f + J(f ) is the Tjurina ideal of f in O n . We recall that the multiplicity m(f ) is defined as the lowest degree in the power series expansion of f at 0 ∈ C n .
Moreover, f is called weighted homogeneous of degree d with respect the weight w = (w 1 , . . . , w n ) (or type (d; w)) if f may be written as a sum of monomials z
It is a natural question to ask when V can be defined by a weighted homogeneous polynomial or a homogeneous polynomial up to a biholomorphic change of coordinates. The former question was answered in a celebrated paper by Saito in 1971 [9] . However, the latter question had remained open for 40 years until Xu and Yau solved it for f with three variables [11] . Then Yau and Zuo [12] solved it for f with up to six variables. Recently, Yau and Zuo [13] solve the latter question completely; i.e., they show that f is a homogeneous polynomial after a biholomorphic change of coordinates if and only if µ = τ = (m − 1) n , where µ, τ and m are, the Milnor number, the Tjurina number and the multiplicity of the singularity respectively.
The aim of this is paper is to give an alternative proof of the result of Yau and Zuo [13] . Our proof is simple and elementary. The main tool is the semicontinuity of the Milnor number, the Kouchnirenko's theorem [4] on the Newton number and the geometric characterization of µ-constancy in [3, 6, 10] . First, we give an alternative proof of the first part of Yau conjecture 1.7 in [7] (Proposition 3 below). By using it and the splitting lemma, we obtain the Yau's characterization of isolated homogeneous hypersurface singularities.
The purpose of this paper is to prove the following results:
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Theorem 1 (Yau conjecture 1.7 in [7] ). (1) Let f : (C n , 0) → (C, 0) be a holomorphic germ defining an isolated hypersurface singularity V = {z ∈ C n : f (z) = 0} at the origin. Let µ and m be the Milnor number and multiplicity of (V, 0), respectively. Then
and the equality in ( 
) holds if and only if f is a homogeneous polynomial (after a biholomorphic change of coordinates).
Notation. To simplify the notation, we will adopt the following conventions : for a function F (z, t)(for (z, t) ∈ C n × C m ) we denote by ∂ F the gradient of F and by ∂ z F the gradient of F with respect to variables z. Also, we denote by
Proof of the theorem 1
Before starting the proofs, we will recall some important results on the Newton number and the geometric characterization of µ-constancy.
Theorem 2 (Greuel [3] , Lê-Saito [6] , Teissier [10] ). Let F : (C n × C m , 0) → (C, 0) be the deformation of a holomorphic f : (C n , 0) → (C, 0) with isolated singularity. The following statements are equivalent.
, where J(F t ) denotes the integral closure of the Jacobian ideal of F t generated by the partial derivatives of F with respect to the variables z 1 , . . . , z n .
The polar curve of F with respect to {t = 0} does not split, that is,
Firstly, we want to show the first part of the main theorem.
Proposition 3 (Teissier [10] , Furuya-Tomari [2] ). Let f : (C n , 0) → (C, 0) be a holomorphic germ defining an isolated hypersurface singularity V = {z ∈ C n : f (z) = 0} at the origin. Let µ and m be the Milnor number and multiplicity of (V, 0), respectively. Then
and the equality in (2.1) holds if and only if f is a semi-homogeneous function.
Proof.
be the Taylor expansion of f at the origin. Take the following family of singularities
It follows from the upper semicontinuity of Milnor number [8] and the Kouchnirenko's result [4] that
where ν(Γ − (f t )) is the Newton number (see [4] for details). Now we have to prove that equality in (2.1) holds if and only if f is a semi-homogeneous function.
⇐ Suppose f is a semi-homogeneous function, so we get by the theorem in (
⇒ Let f t the deformation of f defined in (2.2), it follows from the upper semicontinuity of Milnor number [8] and the (2.3) that
Hence the deformation f t is µ-constant, so by the theorem 2 we get :
Therefore for t = 0, we obtain
It follows from (2.4) that
Which implies that ∂ z f m = 0 if and only if z = 0. So, we obtain that f m has an isolated singularity at the origin. This end the proof of the first part of the main theorem.
Finally, suppose that f is a weighted homogeneous function, and we intend to show that the equality in (1.2) holds if and only if f is a homogeneous polynomial (after a biholomorphic change of coordinates).
Since (⇐) is trivial it is enough to see (⇒). Modulo a permutation coordinate of C n , we may assume that (2.5)
Let f = f m + f m+1 + · · · ; with f m = 0, be the Taylor expansion of f at the origin. Since f is weighted homogenous of degree type d.
If, we suppose that m = 2, then we have µ(f ) = (2 − 1) n = 1, it follows from the above proposition 3 that f 2 defining an isolated singularity at the origin 0 ∈ C n , then there exists the term z 2 n or z n z j for some integers j ≥ 1 with non-zero coefficients in f , also z 2 1 or z 1 z i for some integers i ≥ 1 appears in expansion of f . There are two cases to be considered. Case 1. In this case, we suppose that z 2 n or z 2 1 appears in expansion of f , then we get
But this clearly implies
Case 2. In this case, we suppose z n z j and z 1 z i for some integers i ≥ 1 and j ≥ 1 with non-zero coefficients in f , then
Moreover, for any monomial z
Then, (2.6) j<n α j = 1, α n = 1 and w i = w n .
Therefore we may write
If a k = 0, then we have d = w n + w k = w n + w j = w 1 + w i , it follows from (2.6) that w j = w k = w 1 . After a permutation of coordinates with same weights it can be written as
Then we may assume, by a change of coordinates of the form ξ 1 = z 1 + j>1 a j z j , that f (z) = z 1 z n + f (z 1 , . . . z n−1 , 0) = z 1 (z n + g(z)) + f (0, z 2 . . . , z n−1 , 0). Also by a change of coordinates of the form ξ n = z n + g(z), we can assume that f (z) = z 1 z n + f (0, z 2 , . . . , z n−1 , 0).
Continuing the same process on f (0, z 2 , . . . , z n−1 , 0), we can deduce by the splitting lemma, that f (z) = z 2 1 + · · · + z 2 n after a biholomorphic change of coordinates.
From now, we suppose that m ≥ 3, it follows from the above proposition 3 that f m is an isolated singularity at the origin. Since f m is a homogeneous of degree m with isolated singularity, it is easy to check that the monomial z m 1 or z m−1 1 z i for some integers i > 1 appears in the expansion of f . There are two cases to be considered.
